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I n f o r m a t i o n T h e o r y a n d codes - Homework 1 

Problem 1 
Compute the maximum capacity (with respect to x) of a symmetric channel whose stochastic 
matrix depends on the parameter x 

1 - 4x x 3x 
'ix x I-Ax 

By observing the matrix, we can see that the channel has two input and three possible out­
put, so i t can be modeled as a BEC channel whose Source set of symbols is S = {s^ i = 1,2} 
and User's set of symbols is U — {v,j,j = 1,2,3}. 

si 
l-4x 

82 

U2 

« 3 

1 -4x 

In order to evaluate the capacity, we start considering the probability mass function of the 
input symbols. 

Let us suppose to transmit the first symbol with probability P(s = sx) = p, and the second 
one with probability P(s = s 2) = (1 - p)> where p e [0,1]. 

The channel stochastic characterization can be easily represented by the following: 

P(u\s) 
1 - 4x x 3x 

3x x 1 - 4x 

By the definition of conditional probability. 

P(s>u) 
P(u\s) = P(s,u) - P{u\s)P(s) 

P(s) 

We obtain the joint distribution: 

P(s, u) = {P{s = su u = uj),i - 1,2, j - 1,2,3} 

P(s,u) 
(1 - Ax)p xp 3xp 
3x(l-p) x(l~p) (l-Ax)(l-p) 
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I n f o r m a t i o n T h e o r y a n d codes - Homework 1 

We may get to P(u) by summing over the columns. 

«i 66' 

(1 - 4x)p + 3x{l - p) 
xp + x(l-p) • 

3xp + (1 - 4x)(l - p) 

That's what we get by multiplying the two matrices P(u\s) and P(s). 

Given that we have a free parameter x, we have to evaluate the range in which we want to 
let such variable vary. 

In order to get probabilities, the following has to be verified: 

1) 0 < P(u\s) < 1, Vs G S,u G U. 

0 < 1 - 4x < 1 
0 < x < 1 
0 < 3x < 1 

which gives us x G [0, \] c M. 

2) E E p (° = u - = u > ) = E p ( « = = 1 

that's always true for every a; G [0, | ] C M and for every p G [0,1] C R. 

Then we compute the mutual information between the source and the user. 

C(x) = maxiYu, s) 
' P ( s ) ' 

Since we had P(s, it) since before, we computed: 

P (« ) 

P(u|a) 

P(u) 

l - 4 x 3x 
p-7xp+3a; 7a.'p-4ai-p+l 

3x ^ l - 4 x 
L p-7xp+3x 7:»p-4:c-p+l J 

Then we discussed the singularities of the matrix: 

P-7XP + 3X^0 ^ ( 7 ^ 3 ) 

7p-4 

p = o ->• a; ^ 0 
p = 1 x ^ i 

Yields to singularities for the mutual information in (x = 0\x = | ) so we wil l consider 

a ; G ] 0 , i [ c R . 
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I n f o r m a t i o n T h e o r y a n d codes - Homework 1 

In order to compute the capacity of the channel, in function of x and of the parameter p, we 
wrote a Matlab code: 

c l c 

'.i c l e a r a l l 

c l o s e a l l 

> 

x=syra(' x' , ' r e a l ' ) ; 

o p=»sym (' p', ' r e a l ' ) ; 

Pxy=sym (' Pxy' ,' r e a l ' ) ; 

« Py_x_y=sym('Py_x_y', ' r e a l ' ) ; 

I O Py_x=[ l - 4 * x x 3*x; 3*x x l - 4 * x ] ; 

ia Px=[p; 1-p] ; 

M Py=Py_x'*Px; 

I O f o r i = l ; s i z e ( P y _ x , 1 ) 

f o r j = l : s i z e ( P y _ x , 2 ) 

is P x y ( i , j ) = P y _ x ( i , j ) * P x ( i ) ; 

P y _ x _ y ( i , j ) = P y _ x ( i , j ) / P y ( j ) ; • 

ao end 

end 

Py_s=[p-7*p*x+3*x; x; 7*p*x-p-4*x+l); 

:w 

Hx=sum ( P x . * l o g 2 ( 1 . / P x ) ) ; 

2(i Hx_ev= [ ] ; 

as Hy=sum(Py_s.*log2(1./Py_s)) ; 

Hy_ev=[]; 

3 0 

Ixy-sum(sum(Pxy.*log2(Py_x_y))) ; 

3 » l x y _ e v = [ ) ; 

M 

x=0:.01:.25; 

an px=0: .1:1; 

3 » f o r i = l : l l 

i f ( p x ( i ) = = 0 ) 

IO p x ( i ) = l e - 1 0 ; 

end 

« i f ( p x ( i ) = = l ) 

p x ( i ) = l - l e - 1 0 ; 

•w end 

us i£(x(l)==0) 

x ( l ) = l e - 1 0 ; 

4 « end 

i f (x(end)==0.25) 

r.o x(end)=0.25-le-10; 

end 

p = p x ( i ) ; 

nt Px_ev=eval(Px); 

Hx_ev=[Hx_ev; e v a l ( H x ) ) ; 

5 0 

s u b p l o t (2, 11, i ) 

stem( [0,1) ,Px_ev,' f i l l ' ) , h o l d on 

a x i s ( [ - 0 . 5 1.5 0 1]) 
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I n f o r m a t i o n T h e o r y a n d codes - Homework 1 

no x l a b e l ( s p r i n t f ('p_0=%2 ,2f \np_l=%2 . 2 f ,p, (1-p) ) ) ; 

Py_s_ev=eval (Py_s); 

Hy_ev= (Hy_ev; e v a l ( H y ) ] ; 

s u b p l o t (2,11,i+11) 

m i stem([0,0.5,1J,Py_s_ev,' f i l l ' ) , h o l d on 

a x i s ( [ - 0 . 5 1.5 0 1]) 

(IS 

I x y _ e v = [ I x y _ e v ; e v a l ( I x y ) ] ; 

7 0 end 

7 2 [ I t r m a x , Xindexmax]=max(Ixy_ev'); 

[C, Pxindexmax]=max(lxy_ev); 

T* Cmax=Ixy_ev(Pxindexmax(1),Xindexmax(1)) 

7.) l e g e n d C e l l = c e l l s t r (num2str (x', ' x = % 2 , 2 f ' ) ) ; 

h = l e g e n d ( l e g e n d C e l l ) ; 

rs s e t ( h , ' F o n t S i z e ' , 8 , ' L o c a t i o n ' , ' EastOutside' ) ; 

so f 2=f i g u r e ( 2 ) ; 

set(f2,'Name','Entropy o f t h e source and of the user') 

•sa s u b p l o t (2,1,1) 

p l o t ( p x , H x _ e v , ' r ' ) , h o l d on 

M t i t l e ( ' E n t r o p y o f t h e so u r c e ' ) ; 

y l a b e l ('H ( a ) ' ) ; 

«.s x l a b e l Cp = [ 0 , 1 ] ' ) ; 

s u b p l o t (2,1,2) 

sts p l o t (px, Hy_ev' ) 

l e g e n d C e l l l = c e l l s t r ( n u m 2 s t r ( x ' , ' x = % 2 . 2 f ' ) ) ; 

«o h l = l e g e n d ( l e g e n d C e l l l ) ; 

s e t ( h i , ' F o n t S i z e ' , 8, 'L o c a t i o n ' , ' E a s t O u t s i d e ' ) ; 

t i t l e ('Entropy o f t h e u s e r ' ) ; 

y l a b e l (' H(u)') ; 

I M x l a b e K ' p = ( 0 , 1 ) ' ) ; 

oo f 3=f i g u r e ( 3 ) ; 

set(f3,'Name','Mutual i n f o r m a t i o n between Source and User') 

as p l o t (x, I x y _ e v ) 

h o l d on 

loo p l o t (x (Xindexmax (1)) , Cmax ( 1 ) , ' r . ' ) 

ho l d on 

ins l e g e n d C e l l 2 = c e l l s t r (num2str (px', ' p=%2 . 2 f ' ) ) ; 

h2=-legend(legendCell2) ; 

104 set (h2, ' FontSize' , 8,' L o c a t i o n ' ,' EastOutside' ) ; 

t i t l e ( ' M u t u a l i n f o r m a t i o n between Source and User')/ 

iod t e x t ( x (Xindexmax(1))+0.003,Cmax(1)-0.03, sprintf('Cmax=%2.2f',Cmax ( 1 ) ) , ' V e r t i c a l A l i g n m e n t ' , ' 

bottom', ... 

' H o r i z o n t a l A l i g n m e n t ' , ' l e f t ' ) 

lire y l a b e l (' I x y ' ) ; 

x l a b e l ('x = [0, 1 / 4 ] ' ) ; 

no 

f 4=>f i g u r e (4) ; 

j i 2 set(f4,'Name','Mutual i n f o r m a t i o n behaviour i n f u c t i o n o f p and x') 

s u r f ( x , p x , I x y _ e v ) 

i n h o l d on 

t i t i e ( ' M u t u a l i n f o r m a t i o n behaviour i n f u c t i o n o f p and x ' ) ; 

no x l a b e l Cx = [0, 1/4] ' ) ; 

y l a b e l Cp = [0, 1 ] ' ) ; 

ns z l a b e l (' I (u, a)' ) ; 

Exercise 1 implementation in Matlab. 
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I n f o r m a t i o n T h e o r y a n d codes - Homework 1 

Whose output is the following: 

$.5 0 0.5 1 1.5-0.5 0 0.5 t 1.5-0.5 0 0.5 I 1.6-0.5 0 0.5 1 1.5-0.5 0 0.5 1 1.5-0,5 0 0.5 1 1.5 -0.5 0 0.5 1 1.5-0.5 0 0,5 I 1.5-0.5 0 0.5 1 1.5-0.5 0 0.5 1 1.5-0,5 0 0.5 1 1,5 
P0-0.00 p0-0,10 p.-OJäO p 0«0,30 p0=0,40 P0"0.5Q p.-Q.fiO P0-0,70 pQ=0.80 p0-0.90 P 0 - ' O 0 
p,-f.0Q p,-0.Q0 p,-0,BO p t-0.70 p,=Q.60 p f «0.50 p (-0,40 p,»0.30 p,-0.20 p,-0.10 p,*0O0 

1.5 0 0.5 1 1.6-0.6 0 0.6 1 1. 
w .5 0 0.5 1 1.5 -0,S 0 0.5 1 1.5 -0.5 0 0.5 1 1.5 -0.5 0 0.5 I W ^ O 0.5 1 1,5 -Ö.5 0 0.5 1 15 -0.5 0 0.5 1 1.5 -0-500.51 1-6 

1WJ.03 

«•007 

»-0,10 
x«0.t1 
*-0.ti 
x-fttS 
X-0.H 
««0,16 
x«0.(B 

i-CUB 
tv0.19 
x-010 
»-«.ai 
*-0-22 I 
wm I 

1-0-26 I 

Figure 1: Probability mass functions of-the Source and of the User i n function of p G [0,1] and x 6]0, j[ 

Figure 2: Entropy of the Source and of the User in function of p G [0,1] and x e]0, \ [. 

At first we noticed that the Channel Capacity: C(x) = max 

is achieved, for every x, in P(s) = [ | , | ] , so when p = 1 — p = |. 
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I n f o r m a t i o n T h e o r y a n d codes - Homework 1 

Figure 4: Mutua l Information between the Source and the User in funct ion oip-e [0,1] and a; e]0, \ [ . 

The maximum Capacity in function of x is: C m a x == max C(x) and it's maximum when 

x -} 0 from the right, We may consider, then: l im Cmax(x) = 1. 

because, in our channel, for values very close to zero, the channel has in ideal behaviour, 

its error probability is close to zero. 
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I n f o r m a t i o n T h e o r y a n d codes - Homework 1 

I t can be seen easily by considering x = 0: 

p ( t t | a )L = [ o o i ] P^ = E p ( u = «\° * *) = 0 

Yields to the maximum capacity, since we are transmitting as much amount of information 
as possible, without any error. 

Afterwards, we noticed that in x = | the channel has zero capacity. 

This may be easily seen by considering the ratio between the conditional probability and the 
User's symbol probability. 

P(u\s) 

P(u) 

1 

p - p + f 3 
^— 

P-P+Y 
1 

p - f - p + 1 

1-42! 

1 1 1 
1 1 1 

7xp—ix—p+l 

In order to get to a deeper view, let us think to what the ratio stands for: 

P(u\s) _ P(u\s)P(s) P(s,u) 

P(u) P(u)P(s) P(u)P{s) 
1, Vs( G S,Uj G U P(s,u) = P(v,)P(s) 

The product of the probability mass function of source symbols and the probability mass 
function of the user's symbols is equal to the joint probability function! 

In other words,P(s, u) = P(u)P(s) means that P(u) does not depend on P(s), then what 
you get at the end of the channel does not depend on what you transmit anymore. 

Moreover, I(u>s) , =^2Y1 P ( s > u ) i = °> Vs* G S,Wj G U. 
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I n f o r m a t i o n T h e o r y a n d codes - Homework 1 

Problem 2 
An alphabet consists of five digits {1 ,2 ,3 ,4 ,5} which are used with the same probability. 
Find the average length of the code words of an optimal Huffman binaiy code considering 
words of two digits. Compute the efficiency of the code (i.e. the ratio between the enetropy 
of the primary alphabet and the average length of the secondary words per symbol), and 
compare this efficiency with that of a binary block code that encodes the words of two digits 
in blocks of 6 bits. 

In order to find the average length of the Huffman code for an alphabet of N digits mapped 
in words of k digits, we have to compute all the possible combinations, consisting in Nk words. 

Since the digits of the primary alphabet are equiprobable wi th probability ^ , we will get 

equiprobabile words equiprobable with probability ( j j ) • 

In our alphabet we have 5 digits X = Xj:,i = 1, ...,5, equally distributed with probability 
P ( X = x,) = f , Vi = l , . . . ,5 . 

The alphabet built up considering words of two digits wi l l have 25 words Y = yj, j = 1 , 2 5 , 
equally distributed with probability P(Y — yj) = V j = 1, .»,25. 

Huffman coding requires to build up a binary tree. 

In order to do that, we wrote a Matlab code: 

c l e a r a l l 

c l o s e a l l 

c l c 

Nsymbols=5; 

N d i g i t s = 2 ; 

M=Nsymbols"Ndigits; 

i f mod (log2(M),1)==0 

D e p t h = f l o o r ( l o g 2 ( M ) ) ; 

Ndots=2" (Depth+1)-1; 

e l s e 

D e p t h = f l o o r ( l o g 2 ( M ) ) + 1 ; 

Ndots=2*((2" (Depth-1)- (2"Depth-M) ). *2+2"Depth-M) - 1 ; 

end 

Stepx=2"Depth; 

TotDotsR=zeros(1,Depth+1) ; 

TotDotsL=zeros (1,Depth+1); 

r x = z e r o s ( 1 , N d o t s ) ; 

r y = l ; 

qy-0; 

k = l ; 

k r = l ; 

k l = l ; 

r yprev=0; 

ddots=0; 

f i g u r e (1) 
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I n f o r m a t i o n T h e o r y a n d codes - Homework 1 

3-i set ( g c f , ' name' , s p r i n t f (' Huffman Tree; %d symbols', M),' n u m b e r t i t l e ' , ' of f ) ; 

so f o r i - l ; N d o t s 

h=waitbar ( i / N d o t s ) ; 

as r y = f l o o r (log2 ( i ) ) ; 

•IO i f (qy~=ry) 

Stepx=Stepx/2; 

« k = k + l ; 

end 

•t-i 

i f i = = l 

•u> r x ( i ) =0; 

e l s e i f ' i==Ndots SS mod (TotDotsL (k) +1, 2) "=0 

•ih r x ( i ) =Stepx* ( i + 2 ) ; 

TotDotsR(k)»TotDotsR(k)+1; 

so e l s e i f (mod ( i , 2) ==0) 

r x ( i ) = S t e p x * ( i + 1 ) ; 

a-l TotDotsR (k) =TotDotsR(k) +1; 

e l s e 

<S4 r x ( i ) = - Stepx*i; 

TotDotsL(k)=TotDotsL(k) + 1; 

t.o end 

qy=ry; 

r>« p l o t ( r x ( i ) , r y , ' k .', ' markersize' , 12) 

't a x i s o f f 

0 0 i f ( i > = M ) 

t e x t ( r x ( i ) - 0 . 1 , r y + 0 , 2 , s t r c a t ( s t r c a t ( ' X (' , n u m 2 s t r ( i - M + 1 ) , ' ) ' ) ) ) ; 

0 » end 

t i t l e ( s p r i n t f ( ' H u f f m a n Tree: %d symbols',M)); 

01 h o l d on 

i f ( r y > l &S i<Ndots) 

no ddots=mod(i,4); 

i f ddots < 2 

os p l o t ( [ r x ( i ) r x ( r o u n d ( i / 2 ) ) ] , [ r y r y - l ] , ' k ' ) 

h o l d on 

7 0 e l s e 

p l o t ( [ r x ( i ) r x ( r o u n d ( i / 2 ) - 1 ) ] , [ r y r y - l ] , ' k ' ) 

72 h o l d on 

end 

74 e l s e i f ( i > l &S i<4) I I (i»=Ndots) 

p l o t ( [ r x ( i ) r x ( f l o o r ( i / 2 ) ) ] , [ r y r y - l ] , ' k ' ) 

ro h o l d on 

end 

7s end 

c l o s e ( h ) ; 

*o 

TotDots-TotDotsL+TotDotsR; 

OC; 

i f m oddotDots (end), 2)==0 

si TDots=0,5*TotDots(end)+TotDots(end-1); 

e l s e 

so T D o t s = f l o o r (0,5*TotDots(end))+TotDots(end-1); 

end 

MS 
Lavg«(TotDots (end)*Depth+(2 ADepth-M)*(Depth-1))/M; 

9 0 

L a v g l = L a v g / N d i g i t s ; 

E n t r o p y _ N d i g i t s = l / N d i g i t s * l o g 2 ( M ) ; 

Exercise 2 implementation in Mat lab. 
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I n f o r m a t i o n T h e o r y a n d codes - Homework 1 

Figure 5: Huffman 'Tree bui l t on the set of words of two symbols belonging to a 5 digits alphabet. 

By this way, we may compute the average length of the code words: 

?-Li±iL»= 4.72 1 * . 
25 

In order to evaluate the efficiency, we may compute the Entropy of the secondary alphabet: 

25 

H ^ Y ) = l L h l 0S2(25) = 2 log 2(5) = 4.64 bits/use. 
• 1 2 5 

Then we compute the efficiency of the code: 

Then we proceed encoding the words of two digits in blocks of 6 digits. 

Let us consider first the fixed block coding of the primary symbols: 
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I n f o r m a t i o n T h e o r y a n d codes - Homework 1 

1 000 
2 001 
3 010 
4 011 

5 100 

Words of two digits will be encoded considering the combination of couples of the previous 
symbols: 

1 1 000 000 
1 2 000 001 
1 3 000 010 
1 4 000 011 
1 5 000 100 
2 1 001 000 
2 2 001 001 
2 3 001 010 
2 4 001 011 
2 5 001 100 
3 1 010 000 
3 2 010 001 
3 3 010 010 
3 4 010 011 
3 5 010 100 
4 1 011 000 
4 2 011 001 
4 3 011 010 
4 4 011 011 
45 011 100 
5 1 100 000 
5 2 100 001 

5 3 100 010 
5 4 100 011 
5 5 100 100 

In this case the length of the words is constant and equal to 6. 

J = 6 bits 

We may evaluate the efficiency of the coding by considering again: 

^ 0 0 = 215^ = 

I 6 

In conclusion, we have that extended Huffman coding with words of two digits is more 
efficient than binaiy block coding that encodes words of two digits, since r/i > "(]%. 

Ferro Demetrio, Minet to Alex Page 11 of 11 



I n f o r m a t i o n T h e o r y a n d codes - Homework 2 

Problem 7̂ 3 

A message has been represented as a binary stream, with letters (blank and punctuation 
signs counting for letters) represented by blocks of 5 bits according to the table loaded in 
the Web site, folder Materiale. 
The message has been encoded with a non-systematic cyclic code (15,5,7) and sent on a 
noisy channel, The code generator polynomial is: 

g(x) = x 1 0 + Xs + x6 + x4 + x2 + x+l 

Decode the following received message: 

1, 1, 1, 1, o, 1, 1, o, o, 1, o, o, o, 1, o, o, o, 1, 1, o, 1, o, 1, o, 1, 1, o, o, o, 1, 1, o, o, 1, 1, o, 
1, 1, o, 1, 1, o, o, 1, o, 1, 1, 1, o, 1, o, 1, o, o, o, o, 1, o, o, o, o, o, o, 1, 1, o, 1, 1, 1, o, 1, o, 1, 1, o, 1, o, o, 1, o, 1, 1, 1, o, 1, o, o, o, o, o, o, 1, o, 1, 1, o, 1, o, o, 1, o, 1, 1, 1, o, o, 1, o, 
1, o, 1, 1, o, o, o, 1, 1, o, o, o, o, 1, 1, o, o, 1, o, 1, o, o, o, o, o, 1, 1, o, o, 1, o, 1, 1, o, 1, o, 
1, o, o, 1, 1, 1, 1, o, o, 1, o, 1, o, o, o, 1, 1, o, o, 1, o, o, o, o, o, 1, 1, 1, o, 1, 1, o, o, o, o, 1, 
o, 1, 1, 1, 1, o, 1, 1, o, 1, 1, 1, 1, o, o, 1, o, o, o, o, 1, 1, o, 1, o, 1, o, o, 1, o, 1, 1, 1, o, 1, 1, 
1, 1, 1, o, 1, o, o, o, 1, 1, 1, o, 1, o, o, 1, 1, 1, o, o, o, 1, o, o, 1, 1, o, 1, o, 1, 1, o, o, 1, o, 1, 
o, 1, o, o, o; 1, 1, 1, o, 1, 1, o, o, 1, o, 1, 1, o, o, o, 1, 1, 1, o, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, o, o, 
o, o, 1, 1, o, 1, 1, 1, o, o, 1, 1, o, o, o, o, o, o, o, o, 1, o, o, o, o, o, o, 1, 1, o, o, o, o, 1, 1, 1, 
o, 1, 1, o, o, 1, o, 1, o, o, o, o, 1, 1, o, 1, 1, 1, 1, 1, 1, o, 1, o, o, o, 1, 1, 1, o, o, 1, o, o, 1, o, 
1, 1, 1, o, 1, o, 1, o, o, 1, 1, 1, o, o, 1, o, o, 1, 1, o, o, 1, o, o, o, 1, 1, 1, o, o, o, o, o, o, o, o 
1, 1, o, o, o, o, o, o, 1, o, o, o, 1, o, o, o, 1, 1, 1, 1, 1, 1, 1, 1, 1, o, o, 1, o, o, 1, o, 1, 1, 1, 1, 
o, o, o, 1, o, o, o, 1, 1, o, 1, o, 1, 1, o, o, 1, 1, o, o, 1, 1, 1, o, o, 1, o, o, 1, o, o, 1, o, o, 1, o, 
o, o, o, 1, 1, 1, o, 1, 1, 1, o, 1, 1, 1, o, 1, o, 1, o, o, o, 1, 1, o, 1, 1, o, 1, 1, o, o, o, 1, 1, 1, 1, 
o, 1, o, 1, 1, o, o, o, 1, o, o, 1, 1, o. o, 1, o, 1, 1, 1, o, 1, o, 1, o, 1, o, o, o, o, 1, 1, o, o, o, 1, 
1, o, o, 1, 1, o, o, 1, 1, o, o, o, 1, *. o, 1, 1, 1, o, 1, o, 1, 1, o, o, o, o, 1, 1, o, o, o, 1, 1, o, o, 1, 1, o, 1, 1, o, 1, o, 1, 1, o, o, o, o, 1, o, o, o, 1, 1, o, o, 1, 1, 1, 1, 1, 1, 1, o, o, 1, o, o, 1, 1, 
o, 1, o, 1, o, 1, 1, 1, o, o, o, o, 1, 1, 1, 1, 1, 1, o, 1, o, o, 1, o, o, o, o, 1, o, o, o, o, o, o, o, 1, 
1, o, 1, 1, 1, o, o, o, o, 1, 1, 1, 1, 1, 1, o, o, 1, o, 1, o, 1, o, o, 1, o, 1, 1, o, 1, o, o, 1, 1, 1, o, 1, 1, o, o, 1, o, o, o, 1, 1, o, 1, o, o, o, 1, 1, 1, o, o, 1, o, 1, o, 1, o, 1, 1, o, o, 1, o, 1, o, o, o, 
o, o, o, o, o, o, 1, 1, 1, o, 1, 1, o, o, 1, o, o, o, o, o, o, 1, 1, o, 1, o, 1, 1, 1, 1, 1, o, o, o, o, 1, 
1, 1, o, 1, o, o, o, 1, o, 1, o, o, 1, 1, 1, o, 1, 1, o, o, 1, o, 1, o, o, 1, o, 1, o, o, o, o, o, 1, 1, o, 
1, 1, o, 1, o, o, o, o, 1, o, 1, o, 1, 1, 1, 1, o, o, o, 1, o, 1, 1, 1, 1, 1, 1, o, 1, o, 1, 1, 1, o, o, 1, 
1, 1, o, o, 1, o, 1, 1, 1, 1, o, o, o, 1, o, o, o, o, o, 1, 1, o, 1, o, 1, o, 1, 1, o, 1, 1, o, 1, o, o, o, 
o, 1, 1, o, 1, o, 1, o, o, o, o, o, o, 1, o, 1, o, o, o, o, o, 1, 1, 1, 1, 1, o, o, o, 1, 1, 1, 1, 1, 1, 1, 
1, 1, 1, 1, o, 1, 1, o, o, 1, o, 1, 1, o, 1, o, 1, o, o, o, o, o, o, o, 1, 1, o, 1, o, o, o, o, 1, o, o, o, 
1, 1, 1, o, o, 1, o, o, 1, 1, o, o, o, o, 1, 1, o, 1, o, 1, o, o, 1, o, 1, 1, 1, 1,. o, 1, 1, o, o, o, o, 1, 
o, 1, o, 1, 1, o, o, o, o, 1, 1, 1, o, 1, o, o, o, o, 1, 1, o, o, o, o, 1, 1, 1, 1, 1, o, o, 1, o, o, o, o, 
o, 1, o, 1, 1, 1, o, 1, o, 1, o, 0, 1, 1, o, 1, 1, o, o, 1, o, 1, o, o, o, o, o, o, o, 1, 1, 1, o, 1, 1, 1, 
o, 1, o, 1, o, o, 1, 1, 1, o, o, 0, 1, o, o, 1, 1, 1, 1, o, 1, o, o, o, 1, 1, 1, 1, 1, 1, 1, 1, 1, o, o, o, 
1, o, 1, 1, o, 1, 1, 1, o, 1, 1, o, 1, 1, o, 1, o, o, 1, o, 1, 1, 1, o, 1, o, o, 1, 1, 1, o, o, 1, 1, o, 1, 
1, 1, o, 1, o, o, o, o, o, 1, o, 1, 1, o, 1, o, 1, 1, o, 1, 1, o, 1, o, o, o, o, o, o, o, o, o, 1, 1, o, o, 
1, o, o, 1, 1, o, 1, 1, 1, 1, 0, o, o, 1, 1, 1, 1, 1, o, 1, o, 1, 1, 1, 1, 1, o, o, 1, o, o, 1, 1, o, 1, o, 
1, o, o, o, 1, 1, 1, 1, o, o, 1, 1, 1, 1, 1, 1, o, 1, 1, 1, 1, 1, o, 1, o, o, o, o, o, o, o, o, 1, 1, 1, 1, 
o, o, 1, o, o, 1, 1, o, 1, 1, o, 1, 1, 1, 1, 1, 1, 1, 1, 1, o, o, 1, o, 1, 1, 1, o, 1, o, 1, 1, 1, 1, o, o, 
o, o, o, 1, 1, o, 1, 1, o, o, o, 1, 1, o, o, o, 1, 0, 1, o, o, 1, 1, 1, o, 1, 1, o, 1, o, 1, o, 1, 1, 1, 1, 
1, 1, 1, o, 1, 1, 1, o, 1, 1, o, 1, o, o, o, o, 1, 1,1, 1, 1, 1, o, 0 

The whole encoded message can be found in the Web site, folder Materiale, file Encod-
edMessageHom2 

The algebraic decoding may be performed working in the finite field F(2 4) with generator 
polynomial: 

. m(x) = x4 + x + 1. 
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I n f o r m a t i o n T h e o r y and codes - Homework 2 

In order to decode the message, we considered the roots of the generator polynomial m{x) 
in the extended field W2i • 

oP 1 a<5 a + a2 a 1 0 1 + a + a2 

cr a a 6 a2 + a 3 a 1 1 a + a2 + a 3 

a2 a2 a r 1 + a + a 3 a 1 2 1 + a + a2 + a3 

a3 0? as 1 + a 2 a 1 3 1 + a 2 + a 3 

a4 1 + a ag a 2 + a 3 a 1 4 1 + a 3 

For every sequence of 15 bits received: [ r 0 , r x , r 2 , r 3 , r 4 , r 5 , r 6 , r 7 , r 8 ) r 9 , r i 0 , rn,ri2, r i 3 , r u , ] , 
we evaluate the corresponding polynomial: 

r(x) = ro + rice + r^x2 + r-Ax
3 + r^x4 + r^x5 + r(ix

(i + r7x
7+ 

+rsx
8 + rgx9 + VIQX10 + r n x u + r^x1'2, + rnxVi + r^x14. 

Since the polynomial obtained corresponds to the received word, transmitted on a channel 
affected by noise, r(x) — c(x) + e(x), where c(x) and e(x) are respectively the code word 
and the error polynomials. 

The encoding rule allows to recover, up to 3 errors, given that d = 7, d = 2t + 1 , where t = 3 
is the maximum number of correctable errors. 

By considering r(x) = c(x) + e(x), where c(x) = g(x) • I(x) is the product of the generator 
polynomial g(x) and the information polynomial I(x) and e(x) = E\x^x + E2x^ + E^x™. 

But, being in a F 2 field, the magnitude of the error Et e { 0 , 1 } , Vi = 1,2,3. 

The decoding procedure was achieved by using the Peterson-Gorenstein-Zierler algorithm 
(PGZ). We computed 2t = 6 syndromes: Si, S2, Ss, S4, SQ, 5 6 by evaluating the received 
polynomial in the roots of the generator polynomial: Sk = r(a*5, V»= 2i. 

51 - c(a) + e(a) 
5 2 - c(a<2) + e (« 2 ) 
5 3 = c (« 3 ) + e(a 3) 
5 2 = c ( a 4 ) + e ( o 4 ) 
5 5 = c(a 6 ) + e(a 5) 
5 6 = c (« 6 ) + e(a 6) 

- < 

Si 
S\ 
S3 = a 3 j l + a 3 » + a^'3 

a h + Q;i2 + a i a 

S2 = a4J'i + a 4 ^ + a' 
55 = a 6 i i + a

5 h + a 5 j ' 3 

Ä, = a 6 i i + a 6 * + a 6 A 

By considering r(a*) = c(a') + e(a*) = e(o/) = 0 Vz = 1, ...,6, since c(a'i) = 0V« = 1, ...,6. 

The next step was the implementation of an Error Locator Polynomial. 
First of all, we noticed that there could be a different number of errors,'running from 1 to 3. 

In order to find the number of errors present in the received message, let us consider that v 
is the actual number of errors, where v € { 1 , 2 , 3 } . 
The error locator polynomial wil l be different depending on the number of errors v: 

cr<y)(z) = z

u + OiZv-1 + ... + a„ 

In order to find the solutions of the error locator polynomial, we may rewrite i t differently: 

i=l 
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I n f o r m a t i o n T h e o r y a n d codes - Homework 2 

Now, we want { ^ } J = 1 to be the roots of the polynomial. 

v-1 

Now, for t = 3 we wil l have: 

( zl+ Oxz\ + 02-21 + 0-3 = 0 

< z% +aizl +(T2Z2 +(T3 = 0 
{ zj + aizj + a2z3 + a3 = 0 

which can be written easier this way: 

+ a„ = 0 

O l S3 + (T2S2 + (T3S1 
(T1S4 + 0263 + 0V S2 
01S5 + 02&1 + (7383 

-S* 
-S0 

-SQ 

SI 62 S3 0"3 —S4 
S2 S$ S4 • 0"2 = - s 0 

Ss S4 Su o-i —Sa 

In general, we may say that there wil l always be; 

Si 

Su s2 

— S2li 
. < T 1 . 

— S2li 

Call the first matrix containing all the (2/i — 1) syndromes. 

I t can be shown that, if there are v < 3 errors, then the matrix is nonsingular, 
but M^ , is singular if there are \i> v errors. 

Finding the largest v < t such that, det (M„) ^ 0, we get the number of errors. 

So we may compute the {0j}£_i coefficients of the error locator polynomial. 

Now, in order to find the position of the error, we have to evaluate the polynomial in all the 
roots of the extended field. 

(„) / i \ f = 0 if there is an error in position %\ s_j, = Q 

\ a I \ -t 0 i f there isn't any error in position i; •)•••» 

Now that we know how many errors are present (//), and which are their positions {ji)i-i> 
we may estimate the error polynomial: 

And the correct code word that we should receive: 

c(x) = r(x) + e(x). 

Now, by dividing i t by g(x), we get to the actual information message I(x). 

c(x) 
I(x) = 

which wil l be mapped again in 5 bits, which wi l l correspond to letters with a suitable function 
eel, that we developed, which wil l be shown further. 
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The correct message was the following: 
o, 1, 0, 0, 0, 0, 0, 1, o, 1, 1, 1, o, 1, o, J 

1, o, 
1, o, 0, 0, 0, 1, 0, 1, 1, o, 1, o, 1, 1, 1, 1, o, 
o, o, 0, 1, 0, 1, 0, 0, o, 1, o, o, o, o, o, 1, o, 
o, 1, 0, 0, 0, 1, i l l , 1, o, 1, o, 1, o, o, o, 1, 
o, 1, 1, 0, 1, 0, 0, 0, 1, o, o, o, 1, 1, o, 1, o, 
1, 1, 0 , 1 , 1,1» 0, 1, 1, o, o, o, 1, o, o, 1, 1, 
1, o, 1,1> 0, 1, 0, 1, 1, 1, 1, o, 1, o, o, o, 1, 
o, 1. 0, 0, 0, 0, 1,0, o, 1, 1, 1, o, o, 1, 1, o, 
1, o, 0, 0, 0, 0, 0, 1, o, o, 1, 1, o, 1, o, o, o, 
o, o, 1,1, 0, 1, 1,1, o, 1, o, o, o, 1, o, o, 1, 
1, 1, 0, 1, 0, 0, 0, 0, 1, 1, o, 1, o, o, o, 1, o, 
1, 1, 1, 0, 0, 1, 0, 0, o, o, 1, 1, o, 1, 1, o, o, 
o, 1, 1,1, 1,1, o, o, 

I n f o r m a t i o n T h e o r y a n d codes - Homework 2 

1, o, o, o, 1, o, o, 1, 1, 0, 1, o, 1, o, 1, 1, o, 0, 

o, o, o, o, o, 1, o, o, 1, 0, 0, 1, 1, o, 1, o, 1, oi 
1, o, o, 1, 1, 1, 1, o, 1, 0, 0, o, o, o, o, o, 1, 1, 
o, 1, o, o, o, o, o, o, o, 0, 0, o, 1, 1, 1, 1, o, o, 
1, 1, o, 1, o, 1, o, o, o, 0, 1, 1, o, o, o, 1, 1, 1, 
1, o, 1, o, o, 1, o, o, o, 1,1, 1, o, o, o, o, o, o, 
1, o, 1, o, o, o, o, 1, 1, 0, 1, o, o, o, 1, 1, 1, 1, 
o, 1, 1, 1, 1, o, o, 1, o, o, o, 1, 1, o, 1, 1, o, o, 
1, 1, 1, o, o, 1, 1, o, 1, 1,1, o, 1, o, o, 1, o, o, 
1, o, 1, o, o, 1, o, o, 1, 0, 0, o, 1, 1, 1, o, o, o, 
1, o, o, o, o, o, o, o, 1, 1,1, 1, o, 1, 1, 1, 1, o, 
1, o, 1, 1, o, o, o, o, 1, 0, 0, o, 1, 1, o, 1, 1, o, 

which corresponds to the string: 

"if we will be quiet and ready enough,we shall find compensation in every disappointment. 

That's the coded one. 

Ferro Demetrio, Minetto Alex Page 4 of 8 



I n f o r m a t i o n T h e o r y a n d codes - Homework 2 

Here is reported the code developed to solve the assigned problem: 

c l e a r a l l 

c: c l o s e a l l 

c l c 

•i 

fdrxmsg =fopen('receivedmessage.txt',' r' ) ; 

0 

RxMsg=textscan ( f d r x m s g , ' % d ' , ' d e l i m i t e r ' , ' , ' ) ; 

8 

RxMs g=RxMs g ( 1 , 1 ) ; 

in 

syms x g_x m_x I _ x _ b i n _ t o t alpha r o o t s r o o t s _ e v 

1C: 

I _ x _ b i n _ t o t = [ ] ; 

M n _ e r r _ t o t = ( ] ; 

io m_x--x" 4+x+l; 

is r o o t s = [ a l p h a " 1 2 a l p h a " l l alpha"13 alpha'10 alpha"? ... 

alpha"14 alpha"9 alpha"8 alpha"6 a l p h a ' s alpha"4J; 

roots_ev=[1+alpha+alpha"2+alpha"3 . . . 

'<•! alpha+alpha"2+alpha'3 .,. 

l+alpha"2+alpha"3 ,.. 

a.) 1+alpha+alpha"2 ... 

l+alpha+alpha"3 ... 

so l+alpha"3 . . . 

alpha+alpha"3 ... 

i.H l+alpha"2 . . . 

alpha"2+alpha"3 ... 

so alpha+alpha "2 . . . 

1+alpha]; 

g_x=x"10+x"8+x"5+x"4+x"2+x+l; 

34 

v/ordlndex=>0; 

00 

f p r i n t f (' S t a r t i n g t o decode . . . \n' ) ; 

38 

f o r wordIndex=l:15:length(RxMsg) 

40 

syms r _ x c_x e_x I_x l _ x _ b i n 

•a SI S2 S3 S4 S5 S6 z sigma_z sigmal sigma2 sigma3 

•SA RxWord^RxMsg(wordlndex:wordIndex+14) ; 

.10 % COMPUTE THE SYNDROMES 
r_x~poly2sym(RxWord(end;-1:1)); 

is 

Sl^subs ( r _ x , x , a l p h a ) ; 

!.o S2=subs ( r _ x , x, a l p h a " 2 ) ; 

S3=subs(r_x,x,alpha"3); 

S4=subs(r_x,x,alpha"4); 

S5=subs(r_x,x,alpha"5); 

si S6=subs(r_x,x,alpha"6); 

so [ q l , S I ] = q u o r e m ( S I , s u b s ( m _ x , x , a l p h a ) ) ; 

(q2, S2 ] =»quorem (S2, subs (m_x, x, alpha) ) ; 

M I [q3, S3]=quorem(S3,subs(m_x,x,alpha)); 

[q4,34)=quorem(S4,subs(m_x,x,alpha)); 
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I n f o r m a t i o n T h e o r y a n d codes - Homework 2 

im [q5, S5]=quorem (SS, subs (m_x, x, alpha) ) ; 

(q6,S6]=quorem(S6,subs(m_x,x,alpha)); 

a-i 

Sl-mod(Sl, 2) i 

is-i S2=mod(S2, 2 ) ; 

S3=mod(S3,2); 

w; S4=mod(S4,2) ; 

S5~mod (S5, 2 ) ; 

us S6=mod(S6, 2 ) ; 

7l> i f m o d ( s u b s ( m o d ( d e t ( ( S I , S2, S3 S2, S3, S4; S3, S<! , S5J) , 2 ) , r o o t s , r o o t s 

i f m o d ( s u b s ( m o d ( d e t ( [ S 3 , S4 S4, S 5 ] ) , 2 ) , r o o t s , r o o t s . _ev),2) ==0 ... 

72 I I m o d ( s u b s ( m o d ( d e t ( [ S 2 , S4 S3, S 5 ] ) , 2 ) , r o o t s , r o o t s . . e v ) , 2) ==0 ... 

I I m o d ( s u b s ( m o d ( d e t ( [ S 2 , S3 S3, S 4 ] ) , 2 ) , r o o t s , r o o t s . .ev),2) ==0 ... 

74 I I m o d (subs(mod(det ([S2, S3 S4, S 5 ) ) , 2 ) , r o o t s , r o o t s _ .ev),2) ==0 ... 

11 mod(subs(mod(det ( [ S I , S3 S3, S 5 ] ) , 2 ) , r o o t s , r o o t s _ .ev),2) ==0 ... 

70 I I m o d ( s u b s ( m o d ( d e t ( [ S I , S2 S3, S 4 ] ) , 2 ) , r o o t s , r o o t s . .ev) ,2) ==0 ... 

I I m o d ( s u b s ( m o d ( d e t ( [ S 3 , S4 S4, S 5 ) ) , 2 ) , r o o t s , r o o t s . .ev) ,2) ==0 

7f- n _ e r r = l ; 

e l s e 

so n _ e r r - 2 ; 

end 

«2 e l s e 

n_err=3; 

04 end 

n _ e r r _ t o t = [ n _ e r r _ t o t , n . e r r ] ; 

so s w i t c h ( n . e r r ) 

case 1 

sf sigma_z«z+Sl; 

»<i case 2 

Eql=S3+sigmal*S2+sigma2*Sl; 

r>a Eq2=S4+sigmal*S3+sigma2*S2; 

». t [ s i g m a l , sigma2)=solve (Eql, Eq2) ; 

on sigmal=subs(sigmal, r o o t s , r o o t s _ e v ) ; 

[sigmalnum, sigmalden)=numden(sigmal); 

98 sigmalnum=mod(sigmalnum,2) ; 

sigmalden=mod(sigmalden, 2) ; 

loo sigmal«subs(simplify(sigmalnum/sigmalden),roots_ev,roots); 

lira sigma2=subs (sigma2, r o o t s , r o o t s _ e v ) ; 

[sigma2num, sigma2den]=numden(sigma2); 

KM sigma2nura=mod(sigma2num, 2 ) ; 

sigma2den=mod(sigma2den,2); 

loo sigma2=subs(simplify(sigma2num/sigma2den),roots_ev,roots); 

los sigma_z=z * 2+sigmal*2*z+sigma2; 

no case 3 

Eql=-S4+sigmal*S3+sigma2*S2+sigma3*Sl; 

i i-i Eq2=-S5+sigmal*S4+sigma2*S3+sigma3*S2; 

Eq3=-S6+sigmal*S5+sigma2*S4+sigma3*S3; 

1 14 

[ s i g m a l , sigma2, s i g m a 3 ] = s o l v e ( E q l , Eq2, Eq3); 

.110 

s i g m a l = s u b s ( s i g m a l , r o o t s , r o o t s _ e v ) ; 

ns [sigmalnum, sigmalden] =numden (sigmal)'; 

sigmalnum=mod(sigmalnum,2); 

I'jo sigmalden=mod(sigmalden, 2) ; 

sig m a l = s u b s ( s i m p l i f y ( s i g m a l n u m / s i g m a l d e n ) , r o o t s _ e v , r o o t s ) ; 

Ferro Demetrio, Minetto Alex Page 6 of 8 



I n f o r m a t i o n T h e o r y and codes - Homework 2 

i era 

sigma2=subs(sigma2, r o o t s , r o o t s _ e v ) ; 

KM [sigma2num, sigma2den]=numden(sigma2); 

sigma2num=mod(sigma2num,2); 

na sigma2den=mod(sigma2den, 2 ) ; 

sigraa2=subs(simplify(sigma2num/sigma2den) , r o o t s _ e v , r o o t s ) ; 

m 
sigma3=subs(sigma3, r o o t s , r o o t s _ e v ) ; 

i:to [sigma3num, sigma3den]=numden(sigma3); 

sigma3num=mod(sigma3num, 2 ) ; 

i3a sigma3den«»mod (sigma3den, 2 ) ; 

sigma3=subs(simplify(sigma3num/sigma3den) , r o o t s _ e v , r o o t s ) ; 

1 M 

sigma_z=z"3+sigmal*z"2+sigma2*z+slgma3; 

too end 

ind e_^=0; 

i-io f o r j=0 :14 

sigma_z_ev-subs(sigma_z, z, a l p h a " j ) ; 

i-w [sigmanum, sigmaden) =numden (sigma^.z_ev) ; 

modslgmanum=mod(sigmanura, 2 ) ; 

i.w [ sigmaquot, sigmarem] =quorem (modsigmanum, subs (m_x, x, alpha) ) ; 

mod3igma=mod(expand(sigmarem),2); 

M O if(modsigma==Q) 

e_x=e_x+x"j; 

H S end 

end 

iso c_x=mod (e_x+r_x, 2 ) ; 

[ I _ x , I_x_rem]=quorem(c_x, g _ x ) ; 

i oa I_x=mod ( I _ x , 2 ) ; 

I _ x _ b i n = s y r a 2 p o l y ( I _ x ) ; 

ui.1 t o f i t = 5 - l e n g t h ( I _ x _ b i n ) ; 

f o r i = l : t o f i t 

tno I _ x _ b i n = [ 0 , 1 _ x _ b i n ] ; 

end 

us I _ x _ b i n _ t o t = [ I _ x _ b i n , I _ x _ b i n _ t o t ] ; 

c l c ; 

loo f p r i n t f ('Decoding i n progress: %2.Of%c\n', (wordIndex+15)/length(RxMsg)*100,'%') 

end 

1 oc; 

c l c 

uu f p r i n t f ( ' D e c o d i n g complete:\n'); 

uso f d c o r r e c t m s g = f o p e n ( ' c o r r e c t m e s s a g e . t x t ' , 'w' ) ; 

ie« f p r i n t f ( f d c o r r e c t m s g , ' % d , ' , I _ x _ b i n _ t o t ( e n d : - 1 ; 1 ) ) ; 

iro [IndexRes, StrRes] = M a p p i n g T o S t r i n g ( ' c o r r e c t m e s s a g e . t x t ' , 5 , ' a l p h a b e t r o a p p i n g . t x t ' ) ; 

d i s p ( S t r R e s ) ; 

172 

f c l o s e C a l l ' ) ; 

Problem solution implementation in Matlab. 

which does exactly what was theoretically formulated in the previous pages. 

Ferro Demetrio, Minetto Alex Page 7 of 8 



I n f o r m a t i o n T h e o r y and codes - Homework 2 

The following is a function which maps the coded 5 bits in letters: 

f u n c t i o n (IndexRes, StrRes] = MappingToString(RxMessage, Step, AlphabetMapping) 

fdrxmsg =fopen(RxMessage,'r' ) ; 

•i fdabmap =£open (AlphabetMapping, ' r' ) ; 

o RxMsg=textscan(fdrxmsg,'%d', ' d e l i m i t e r ' , ' , ' ) ; 

s AlphaBetMap=textscan(fdabmap, '%c % s ' , ' d e l i m i t e r ' , ' _ ' ) ; 

ui RxMsg=RxMsg{l, 1 ) ; 

K: AlphaBetMap=AlphaBetMap(l, 1) ; 
StrRes=''; 

i i 

I n d e x R e s " [ ] ; 

10 

I « f o r i=l:Step:length(RxMsg) 

Index=0; 

2 0 

f o r j = 0 : S t e p - l 

•j'.> Index=Index+2" (Step-1-j) *RxMsg ( j + i ) ; 

end 

i f lndex==26 

m S t r R e s = s t r c a t ( S t r R e s , (' ' ) ) ; 

e l s e 

2i> S t r R e s - s t r c a t (StrRes, AlphaBetMap (lndex+1) ) ; 

end 

oo 

I ndexRe s=» [ IndexRes, I n d e x ] ; 

:« end 

:n f c l o s e ( ' a l l ' ) ; 

M; end 

Mapping to string implementation in Matlab. 
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